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Partial molar properties are useful thermodynamic properties because their molar
average equals the property itself. In this article, we present a description of partial
properties in general, and we show that for many partial properties, partial molar
properties being a subset, the property is a molar average of the partial properties.
Although partial molar properties remain the most useful, several of the other partial
properties could have practical applications. © 2009 American Institute of Chemical

Engineers AIChE J, 55: 2945-2949, 2009
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Introduction

Thermodynamic properties of an ideal gas mixture are the
molar averages of the pure component ideal gas properties.
This simple but rigorous formulation is one of the reasons
that the ideal gas is such a useful tool in thermodynamic
calculations. The thermodynamic properties of real fluids are
the molar average of their partial molar properties, the
partial derivative of the total property with respect to the
number of moles of one component at constant temperature,
pressure, and number of moles of all other components.
Because this simple relationship holds, the partial molar
properties are also useful tools for thermodynamic calcula-
tions. Astarita' has presented an elegant description of math-
ematics and thermodynamics, and O’Connell and Haile?
provide a similar description in somewhat clearer deriva-
tions. In addition, Michelsen and Mollerup® discuss partial
derivatives in thermodynamics. Of course, the various books
dealing with thermodynamics deal extensively with the
mathematics of thermodynamics.
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As we show in this article, partial molar properties are a
subset of many partial properties whose molar average
equals their thermodynamic property. In general, the partial
properties are the partial derivative of the total property with
respect to the number of moles of one component at constant
intensive and/or extensive variables, and number of moles of
all other components. Although the partial molar properties
remain the most useful of this set, other partial properties
would have practical applications.

The derivation of the general partial properties naturally
involves Legendre transforms in some cases. A secondary
consequence of deriving these partial properties is the devel-
opment of general consistency equations.

Partial Properties Derivation

The mechanics of this derivation are familiar, but the
results are interesting. Throughout, we use F to denote a
molar property, such as: U, H, A, G, S, and V. We further
use X and Y to denote intensive variables, such as: U, H, A,
G, S,V, P,and T. A total property is:

(nF):nF(XayanlaHZa"'7nN) (1)
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in which n represents number of moles, N is the total number
of components, and the subscripts represent individual
components. On differentiation, Eq. 1 becomes:

o) = 298] [20)) oy
X,n
N
;[ On; :|X‘Y.n]¢,' !

Expanding and noting that n;, = z;n, where z; is the mole
fraction of component i:

oF OF
dF +Fdn=n| | dX — | daY
" * ! " <8X> Y.n o (6Y> X.n

i[ on;

:| (l”le,' + Z,‘dl’l) (3)
X,Y,n#,»

Collecting terms in n and dn, we obtain:

dF — <6F ) dX—(a—F) dy — P("F )} dz;
0X )y, oY X,n =1 on XY i

The only way Eq. 4 can always be zero is if the terms
in braces equal zero because n and dn can take on arbi-
trary values. Therefore, we have two equations relating

properties:
N
= (@), % (@), o L o,
(&)
which equals Eq. 1 when n = 1, and
N
F= ;Zl { On; :|X,Y,n,»¢; ©

Equation 6 presents the case of a general partial property:

F = {8(71F)] o
XY .njz

al’l[

and the molar property F' is the molar average of its partial
property:

N
= zF; ®)
i=1

Ift Fisany of U, H, A, G, S,or Vand X is T and Y is P,
then F; is, by definition, the partial molar property, F;. How-
ever, we have placed no such constraint on X and Y. In fact,
they can be any of U, H, A, G, S, V, P, or T; therefore, the
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partial molar property is a subset of the partial property
and Eq. 8 holds for any combination of intensive
variables.

Now, let us investigate the case in which X represents an
intensive property (U, H, A, G, S, V, P, or T), and Y repre-
sents an extensive property, such as: nU, nH, nA, nG, nS, or
nV. The total property, nF, is:

(nF):nF(X’nyanlaHZ:“'7nN) (9)

Following the same line of reasoning as with Eqgs. 2-8,
the derivation becomes:

-] 3],
+; ag;ﬂ“yn/#l o (10)

OF OF
ndF + Fdn = n(ax) dX + <3Y)Xn( dY + Ydn)
N
O(nF)
* ,Z:; { an,- :|X,nY,n,¢,(nle " Zldn) (11)

Note: if both nY and n are constant, the Y is also constant.

OF OF O(nF)
{dF - <6_X) Y‘ndX - (6—Y) X,ndY - ; |: ani :|X‘nY,nj%,-le}

N
LS Yo Y<8—F) -3z P("F)} —0 (12)
n aY X.n i=1 ai’l,' X,nY ,njs

- () () 0 S5,

(13)
(again Eq. 13 equals Eq. 10 when n = 1). The expression in the

second set of braces this time contains a Legendre transform of
F:

N OF

and:

N ~
= ZZ,'A[ (15)

We have transformed the function F into a new function,
A, which is a function of X and (0F/0Y)x,. Beegle et al?
have developed an elegant theory of Legendre transforms
that results in Eq. 14. Kumar and Reid® use the theory to
relate various partial derivatives in a general manner. How-
ever, they have not anticipated the results of this article.
Therefore, the partial functions are:
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F [a(nF) (16)

~ O(nF)
A =
on; L{,}Qn#,?é [

On; } XY nsi

Finally, let us investigate the case in which X and Y repre-
sent extensive properties, such as: nU, nH, nA, nG, nS, or
nV. The total property, nF, is:

(nF) = nF(nX,nY,ny,ny, -+, ny) 17)

Following the same line of reasoning as with Eqs. 2-16,
the derivation becomes:

100 = [30) ., 40 a6 ., 10

(nF)
+Z[ k ] dn; (18)
i 1 nX.nY njsi

i=1 i

F F
ndF + Fdn 8_) (ndX + Xdn) + <6_) (ndY + Ydn)
X Y.n oY X,n

-(;
3 )

i=1 ani :|nX,nY,n/-#;

(l’lel' + Z,'dl’l)

19)

Note: if nX, nY, and n are constant, then X and Y are also
constant.

OF OF O(nF)
dF — | — X — | — dy — dz;
{ <8X) Y.n (8Y) X.n ; |: anl' j|nX,nY7nj%i i }

OF OF N ra(nF)
F=|— X — Y E i
¢ <8X> Y,nd - (8Y> X,nd - i—1 |: on; :|nX,nY,n,'¢deI

(21)
(again Eq. 21 equals Eq. 18 when n = 1). The expression in the

second set of braces this time contains a double-Legendre
transform of F (also discussed by Beegle et al.*):

OF OF
L=F-X (8X) -Y (ﬁ) o (22)

and:

N ~
= Zz,-z:,- (23)

We have transformed the function F into a new function,
L, which is a function of (0F/0X)y, and (0F/0Y)x ,. There-
fore, the partial functions are:
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7 {8(11F) (24)

ai’l[ :| nX,nY nji

Discussion

The gist of the derivations is that many partial proper-
ties exist that satisfy the expression that the property
equals the molar average of the partial properties, and
that Legendre transforms composed of many functions
also have molar average expressions. Of course, dealing
with canonical variables leads to well-known relationships.
For example:

(nU) =nU(nS,nV,ny,ny, -+, ny) (25)

Equation 22 defines the Legendre transform that has the
desired property

U— S(aU) V(aU) =U—-TS—-PV

oS av

=356 (29)

i :| nS,nV njsi i=1

If we select the enthalpy or the Helmholtz energy, Eq. 14
defines the applicable transform

(nH) = nH(nS,P,ny,ny, -+, ny) 27

N
G = Zz,{ on

i=1

= Zziéi (28)

:| nS,P.nji i=1

(nA) = nA(T,nV,ny,ny, -, ny) (29)

0A
A=V =A+PV =
(8V) T.n "

Finally, if we select the Gibbs energy, Eq. 6 is applicable
and

(nG):nG(Tvpvnlanza"'anN) (31)

¢ Z {an,

and we obtain the well-known result:

N
= Z Z[G,’ (32)

:| T,P.njz; i=1

o(nU) _ [o(nH)
[ On; Lsnvu_ [ On; Ls,P,n,‘#,
B, ), e
On; TV i On; T.Pnjy
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which can also result using Beegle et al.* Another option
would be to examine the following functions with Eq. 6:

(I’IU) :nU(T’ Van17n2a"'7nN) (34)
B a(nU) B N
U_Z;Zi 5'11, TV .n; N ZZi ! (35)
i= Nz =1
(nH):nH(T7V7n17n27"'7nN) (36)
O(nH) .
H:Zzl-[ o ]TV | =Zz,—H,— (37)
1= Mt i=1
(nA) :nA(T7 V7n17n27"'anN) (38)
N N
a(nA)} )
A= ,‘|: = Z,'Al‘ (39)
=1 On,; T,V nisi 12:1:
(HG) = nG(Tv V, ny,ny, - - 7nN) (40)
N
d(nG) ~
G—Ez,-[ o ]TV | :Zzici 1)
i= iz i=1

Smith et al.® and Reis’ anticipate Eqgs. 34—41. We could
select the following function and use Eq. 14

(nU) =nU(T,nV,ny,ny, -, ny) (42)

ou OP
—V|==) =U+PV-T(=
v Y (8‘/) T.n v (8T> V.n

(43)

i :| T,nV ,njyi

Obviously, many other functions like Eq. 43 exist that
would have molar average equations using partial proper-
ties. It is also obvious that many of these functions would
find little practical use, but they exist if necessary. The
only caution is that the Legendre transforms always oper-
ate on the extensive property(s). Reis’ not only anticipates
the partial properties at constant temperature and volume,
but also he proposes partial properties at constant pressure
and entropy and at constant volume and entropy. How-
ever, he does not introduce the completely general partial
properties nor does he relate the Legendre transforms to
partial properties. Reis also suggested the possibility of
having a partial pressure and a partial temperature. While
these are certainly possibilities, they reduce to the

equations:
B = {8(/1P)] _RT [8(112)} =7
On,» TV, 1% 8n,~ Vi
_ [8(112)} 4d)
an[ Vi

For an ideal gas, ﬁ,‘ = P, which when combined with Eq.
8 produces Dalton’s law.
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7 - [0(T) _PV[0(n/2)
L { On; :|Pan#,- R [ on; Lvlq#i
—ZT [8@;:12)] b T {2 - %] (45)

In addition to general partial properties, the derivation
provides for general consistency relationships. Combining
Egs. 5 and 8 gives:

N . (OF
ZZ,‘dF,‘—(a—X>

ax — (8_F> dy =0 (46)
i=1 X.n

)4

which is the Gibbs—Duhem equation if X = 7 and ¥ = P.
However, combining Eqs. 13-15 produces a different
consistency test:

N
< OF OF
boan- (i), o v ()

i=1

=0 47)

X.n

Finally, combining Eqs. 21-23 provides yet another con-
sistency test:

N
~ OF oF
Z Z,'d[,j + Xd <6_X> Y7n+Yd <W>

i=1

=0 (48)

X.n

Applications of general partial properties are scarce in the
literature. Lupisg’g uses the partial property at X = T and
Y = V for the energy and other thermodynamic properties in
metallurgical applications.

Conclusions

We have demonstrated that all partial properties regardless
of the variables held constant (intensive or extensive or mixed)
have the characteristic that their molar averages are some
molar property of a fluid. Although many of these properties
would have little use, many others could be useful. If exten-
sive properties are constant, some form of a Legendre trans-
form is the molar average of the partial property.

In addition, the derivation produces expressions for
general consistency tests. One of these becomes the Gibbs—
Duhem equation if X = T and Y = P, but it applies to any
set of intensive properties not only 7 and P. The other
expressions allow consistency tests for systems containing
extensive properties.

Because the expressions suggested in this article allow any
combination of intensive and/or extensive properties, the num-
ber of possible expressions is large. It is also obvious that
many of these expressions would have little practical applica-
tion. However, some of these new expressions could have
practical application in some problems. Therefore, we offer
this generalization of partial properties and consistency tests.
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